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Abstrat
We prove new results on the persistene of Hamiltonian relative equilibria with generi veloity-
momentum pairs in the ase of non-ompat non-free group ations and taking into aount time re-
versibility. Our starting point is a relative equilibrium whih is non-degenerate modulo isotropy whih,
in the ase of a generi momentum implies persistene of the given relative equilibrium to all nearby
momentum values with the same isotropy. We show that the analysis of the persistene problem in-
volves the study of a singular algebrai variety whih is determined solely by the symmetry group of the
problem. We present persistene results for relative equilibria with veloity-momentum pairs whih are
regular points of this variety and give suÆient onditions for a veloity-momentum pair to be regular.
We apply our results to relative equilibria of Eulidean equivariant systems, inluding models of rigid
bodies in uids.
1 Introdution
Relative equilibria are ubiquitous in Hamiltonian systems with symmetry modelling for example rigid
bodies [1, 25, 17, 18℄, moleules [13, 28℄, systems of vorties [35, 23, 33℄, problems in elastiity theory [22,
26℄ and liquid drops [15, 20, 21℄. In most ases the system under onsideration is not only Hamiltonian,
but also time-reversible. In ontrast to the situation for general systems [8, 14℄ the loal bifuration theory
for relative equilibria of Hamiltonian systems has been developed to a muh lesser extent. There are
only partial stability, persistene and bifuration results so far, as detailed below. This is due to the fat
that the onservation of momenta and sympleti struture hanges the generi behaviour dramatially
and has to be taken into aount. Most persistene results for Hamiltonian relative equilibria whih an
be found in the literature only apply to ompat symmetry groups, and so do not apply when there
are translational symmetries present; but this is frequently the ase in appliations, eg in the ase of
translating bodies in uids [18℄, vorties [33℄, and elastiity theory [26℄. Moreover, so far time reversing
symmetries have not been taken into aount although they are almost always present in Hamiltonian
systems.
In this paper we prove some persistene results for Hamiltonian relative equilibria in the ase of
nonompat group ations and taking into aount reversibility. The results are new even for free non-
ompat group ations, but we also deal with relative equilibria with xed isotropy in the ase of a
non-free group ation. We assume that the relative equilibrium under onsideration is non-degenerate
modulo isotropy. This means that it satises a non-degeneray ondition on the xed point spae of its

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isotropy subgroup, see Setion 2 below. This assumption is satised by most relative equilibria of generi
Hamiltonian systems and quite ommon in the literature, see [19, 27, 30, 32, 37℄. Moreover we assume,
as in [19, 30, 32, 37℄, that the relative equilibrium has a veloity-momentum pair whih is generi modulo
isotropy, see Setion 4 below.
If the non-degeneray ondition is dispensed with then the bifuration results whih are available
mainly deal with Hamiltonian equilibria rather than relative equilibria, see for example [10℄, [7℄. An
exeption is the paper of Patrik & Roberts [34℄ where the non-degeneray ondition is replaed by a
weaker transversality ondition, see below.
Under the non-degeneray assumption the following persistene results have been obtained. Patrik
[32℄ proved a persistene result for relative equilibria of free ompat group ations with generi veloity-
momentum pairs. Roberts et al. [37℄ show persistene to all nearby momenta of non-degenerate relative
equilibria with generi momenta for non-ompat group ations. For related results see [6℄. Montaldi [27℄
shows that persistene follows from formal stability of relative equilibria in the ase of ompat group
ations. An extension of this result to speial ases of nonompat groups an be found in [29℄. In
[27℄ Montaldi also proves persistene results for free ompat group ations and non-generi momenta
using the fat that relative equilibria are ritial points of the Hamiltonian onstrained to (ompat)
oadjoint orbits and employing topologial results on the number of ritial points of funtions on ompat
manifolds. In the ase of non-free group ations the persistene results mentioned above an be applied
in the xed point spae of the isotropy subgroup of the relative equilibrium thus giving persistene of
relative equilibria with presribed isotropy, see Ortega and Ratiu [30℄. For similar results see Roberts
and de Sousa Dias [36℄ and Lerman and Singer [19℄. Montaldi and Roberts [28℄ study persistene to
relative equilibria with smaller isotropy under the assumption that isotropies are nite.
Patrik and Roberts [34℄ desribe the stratiation of the set of relative equilibria by their veloity-
momentum pair orbit type for ompat free group ations under a transversality assumption whih is
satised for all equilibria of generi Hamiltonians. They show that under this assumption the struture
of the set of relative equilibria is determined by a singular algebrai variety (g  g

)

, the veloity-
momentum pair spae, where G is the symmetry group of the system and g its Lie algebra, see Setion
3 below. This variety is determined only by the struture of the Lie algebra g and so is independent of
the given Hamiltonian vetoreld. Generially the isotropy subgroup of the veloity-momentum pair is
a maximal torus (if G is onneted), and exatly in this ase the variety (g  g

)

is loally a manifold.
Moreover the variety (g  g

)

and the set of relative equilibria determined by (g  g

)

are stratied
by the orbit types of the ation of the ompat group G on the veloity-momentum pairs of the relative
equilibria.
The main purpose of this artile is to generalize the persistene results of Patrik [32℄ for relative
equilibria with generi veloity-momentum pairs to nonompat group ations. The main diÆulty in
doing this is that the variety (gg

)

has quite dierent properties for nonompat groups than it does
for ompat groups. Here are the main dierenes:
(i) For ompat symmetry groups the isotropy subgroups of all generi veloity-momentum pairs are
onjugate maximal tori. This is not true for nonompat groups: Example 4.10 ) below shows
that in the ase of the speial Eulidean group of the plane SE(2) the groups R and SO(2) are both
isotropy subgroups of generi veloity-momentum pairs;
(ii) For ompat symmetry groups the variety (g  g

)

of veloity-momentum pairs is irreduible.
Example 4.10 ) shows that this is not true for nonompat symmetry groups;
(iii) In the ase of a reduible variety (g  g

)

the dierent top-dimensional strata may even have
dierent dimensions, see Example 4.10 e), resulting in several disjoint manifolds of relative equilibria
with generi veloity-momentum pairs of dierent dimensions.
We show, however, that the results of Patrik [32℄ on the persistene of relative equilibria with generi
veloity-momentum pairs are still true. To do this we employ the normal form equations near Hamilto-
nian relative equilibria derived in [37℄ ombined Lie group theory, sympleti geometry and some basi
algebrai geometry applied to the variety (g  g

)

. We apply our results to the persistene of rela-
tive equilibria of Eulidean equivariant systems modelling, for example, rigid bodies in uids. We will
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see that in suh systems relative equilibria with dierent generi veloity-momentum pairs an perform
qualitatively dierent motions.
The rest of the paper is organized as follows. In Setion 2 we introdue the setting that we work
in and reall the normal form equations of Hamiltonian systems near group orbits of [37℄. In Setion 3
we introdue the notion of relative equilibria, non-degeneray, veloity-momentum pairs and the variety
(g  g

)

. In Setion 4 we investigate the loal struture of the variety (g  g

)

near regular veloity-
momentum pairs for general Lie groups. In Setion 5 of this paper we use the theory presented in the
previous setions to extend the persistene results of Patrik [32℄ and Ortega and Ratiu [30℄ on relative
equilibria with veloity-momentum pairs whih are generi modulo isotropies to non-ompat group
ations. In Setion 6 we prove rst results on the persistene of reversible relative equilibria, extending
the tehniques presented in Setion 5 to the time reversible ase.
2 Slie equations near group orbits
In this setion we desribe the setting that we work in and summarize the results of [37℄ on the equations
of Hamiltonian systems in slie oordinates. We will use these results heavily in the following setions.
We onsider a Hamiltonian system
_x = f
H
(x) (2.1)
on a nite-dimensional sympleti manifold M with sympleti form !(; ):
!(f
H
(x); v) = DH(x)v; x 2M; v 2 T
x
M:
We assume that a nite-dimensional Lie group G ats on M properly and semi-sympletially. This
means that there is a reversible sign s : G! f1g suh that
!
gx
(gu; gv) = s(g)!
x
(u; v); x 2M; u; v 2 T
x
M; g 2 G:
We assume that the Hamiltonian H is G-invariant. This implies that (2.1) is G-semiequivariant, i.e.
f
H
(gx) = s(g)gf
H
(x); x 2 M; g 2 G:
So whenever x(t) is a solution of (2.1) then so is gx(s(g)t). We all   = ker(s) the symmetries of (2.1)
and eah  2 G n   a reversing symmetry of (2.1). Let g denote the Lie algebra of G. By Noether's
theorem loally there is a onserved quantity J

for eah  2 g suh that J

is the Hamiltonian for the
sympleti ow x ! exp(t)x [1, 25℄. Moreover J

is linear in , so that J maps to the dual g

of the
Lie algebra g of G. Let Ad
g
, g 2 G, denote the adjoint ation of G on g: Ad
g
 = gg
 1
,  2 g, g 2 G,
and onsider the s-oadjoint ation of G on g

given by
g = s(g)(Ad

g
)
 1
; g 2 G: (2.2)
We assume throughout the paper that J is dened on the whole of M and G-equivariant with respet
to the usual G-ation on M and the s-oadjoint ation on g

.
Let p 2 M be xed. By the Palais slie theorem [31℄ we an write a G-invariant neighbourhood U
of the group orbit Gp as U = G 
G
p
N . Here N is a G
p
-invariant slie transversal to Gp at p, and
we use the oordinate transformation u =  (g; v) = g (v), where  : T
p
M ! M is a G
p
-equivariant
hart near p, v 2 N , and g 2 G. Then p ' (id; 0). The symbol 
G
p
stands for the identiations
u = (g; v) = (gg
 1
p
; g
p
v), v 2 G
p
. If the system is Hamiltonian and we let  = J(p) denote the
momentum value at p then the tangent spae T
p
M an be deomposed into
T
p
M = T N ; T = T
0
 T
1
; N = N
0
N
1
where T
i
and N
i
, i = 0; 1, are G
p
-invariant,
T
0
= g

p ' g

=g
p
; N
0
' (g

=g
p
)

; T
1
' g=g

;
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T0
 N
0
is a sympleti spae with standard sympleti form, T
1
is a sympleti spae, endowed with
the Kostant-Kirillov-Souriou sympleti form, and N
1
is the sympleti normal spae at p, see [2, 37℄.
Here g


is the dual of the Lie algebra g

of the momentum isotropy G

of  = J(p) with respet to the
s-oadjoint group ation (2.2). This deomposition of T
p
M is alled the Witt-deomposition. We have
!j
T
p
M
= !j
T
0
N
0
+ !j
N
1
+ !j
T
1
, and the model spae G 
G
p
N arries a natural sympleti struture
[24, 12, 37℄. In the important speial ase where G
p
is nite the spae N
0
 g


an be interpreted as a
setion transverse to the group orbit G at , as we detail in Lemma 2.1 below. Moreover in this ase
the momentum level set J
 1
()  M is a manifold near p so that N
1
an be interpreted as a setion
transverse to the group orbit G

p inside the momentum level set J
 1
().
We will need the dierential equations near a group orbit Gp expressed in bundle oordinates u =
(g; v), v = (;w), g 2 G,  2 N
0
, w 2 N
1
. To desribe these we rst introdue some more notation: Let
n

denote a G
p
-invariant omplement of g

in g. Then we an identify
g


' ann(n

); (g=g

)

' ann(g

)
where ann(n

) and ann(g

) denote the annihilators of n

and g

in g

. We denote the identity omponent
of a subgroup
~
G of G by
~
G
0
.
We say that  is split [37, 11℄, if there is a G
0

-invariant omplement n

to g

in g. This is always
the ase if G is ompat, but it is in general not satised if G is non-ompat, for example if G = SE(3)
is the Eulidean group of motions in three-spae, see [37℄.
Let P
ann(g

)
be the projetion from g

to ann(g

) with kernel g


= ann(n

). Then for any  2 g

and any small  2 ann(n

) there is a unique  2 n

suh that
P
ann(g

)
(ad

+
(+ )) = 0
as is shown in [37, Prop. 2.5℄. Moreover  = 

() is linear in . If  is split then n

is G
0

-invariant,
and therefore g


= ann(n

) is G
0

-invariant, whih implies that   0. Dene j

() 2 Mat(g

;g) by
j

() = id + 

().
We dene
~
Z
;
, where  2 g


is small, by the ondition
g 2
~
Z
;
, P
ann(g

)
(Ad

g
 1
(+ )  ) = 0 (2.3)
and Z
;
to be the path onneted omponent of
~
Z
;
ontaining the identity. Clearly G
0
+
 Z
;
for
every  2 ann(n

).
Lemma 2.1
a) Let  2 g

. Then  + g


with g


= ann(n

) is a setion transverse to G at . More preisely,
there are neighbourhoods U of  in g

, U
G
(id) of id in G and U
g


(0) of 0 in g


suh that
for all ^ 2 U there are  2 U
G
(id);  2 U
g


(0) with ^ = (+ ); (2.4)
and (; ) is loally unique modulo the ation of U
G
(id) \ Z
;
given by


(; ) := (
 1

; 

Æ ); 

Æ  := 

(+ )  ; 

2 U
G
(id) \ Z
;
: (2.5)
Moreover if we hoose  = exp() where  2 n

,   0, then  and  are loally unique.
b) For  2 g


= ann(n

) small there is some neighbourhood U
G
(id) of the identity in G suh that the
set Z
;
\ U
G
(id) is a manifold of dimension dimG

. Moreover, T
id
Z
;
= j

()g

.
) If  is split and n

is G
0

-invariant then j

 id, Z
;
= G
0

, 

Æ = 

 in (2.5), and G
0
+
 G
0

for any small  2 g


= ann(n

).
Proof. Part a) and b) follow from the impliit funtion theorem and the denition of Z
;
. To prove
) let  be split. Then learly j

()  id for  small, and therefore G
0

 Z
;
. The invariane of Z
;
under right multipliation of G
0

and part b) imply the equality G
0

= Z
;
. Finally G
0
+
 Z
;
= G
0

.
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Let m

be a G
p
-invariant omplement to g
p
in g

. We deompose
g


' (g

=g
p
)

 g

p
; g

p
' ann
g


(g
p
); (g

=g
p
)

' ann
g


(g
p
):
For  2m

' g

=g
p
let 
m

be the projetion from g

to m

with kernel g
p
and dene for  2m

ad


 = 
m

ad



where ad

denotes the adjoint ation of g

on g

. Let J
N
1
: N
1
! g

p
be a G
p
-equivariant momentum
map for the ation of G
p
on N
1
, and let (t) = (t) + J
N
1
(w(t)) 2 g


. Let h(; w) = h(;w) where
 = + 
p
,  2 (g

=g
p
)

, 
p
2 g

p
, denote the Hamiltonian in bundle oordinates. We have the following
theorem:
Theorem 2.2 [37, Theorem 3.1℄
The equation (2.1) in bundle oordinates (g; ; w) 2   (N
0
N
1
) takes the form
_g = gj

()D

h(; w);
_
 = ad

j

()D

h(;w)
( + ); _w = J
N
1
D
w
h(; w) (2.6)
where J
N
1
is a omplex struture for the sympleti form ! on N
1
and (t) = (t) + J
N
1
(w(t)) 2 g


. If
 is split then the ( _g;
_
)-equations simplify to _g = gD

h,
_
 = ad

D

h
():
Projeting the -equation onto N
0
= (g

=g
p
)

we get the following more expliit equation for the
evolution of (t):
_ = ad
;
D

h
 + ad
;
D

h
J
N
1
(w) + P
(g

=g
p
)

(ad

^

(;w)
( + J
N
1
(w))) (2.7)
where ^(; w) = 

()D

h(; w). Here ad
;

is the dual operator to ad


and P
(g

=g
p
)

the projetion
from g

onto ann(g
p
+ n

) ' (g

=g
p
)

with kernel ann(m

) .
3 Relative equilibria
Relative equilibria are steady states for the Hamiltonian system (2.1) dened on the spae of  -group
orbits. Note that the G-semiequivariane of (2.1) does not imply that the ow desends to a ow on
the spae of orbits for the full ation of G, so it does not make send to replae   by G. We say that a
point p 2 M lies on a relative equilibrium  p if there is some  2 g, alled drift veloity of the relative
equilibrium, suh that
f
H
(p) = p:
In other words, p is a ritial point of the Hamiltonian H

= H   J

in the frame moving with veloity
 2 g. We all the relative equilibrium  p reversible if it is invariant under the ation of G=  ' Z
2
,
and non-reversible otherwise. Denote the isotropy of p in G by G
p
, and  
p
= G
p
\  . We either have
G
p
= 
p
' Z
2
whih implies that the relative equilibrium  p is reversible, or G
p
=  
p
in whih ase it is
non-reversible [37℄. If  2 G
p
n  
p
we say the p is -reversible.
Relative equilibria near  p orrespond to relative equilibria with respet to the  
p
-ation of the
(; w)-system of (2.6), (2.7) given by
_ = ad
;
D

h
 + ad
;
D

h
J
N
1
(w) + P
(g

=g
p
)

(ad

^

(;w)
( + J
N
1
(w))); _w = J
N
1
D
w
h (3.1)
on the slie N = N
0
N
1
. In order to nd these relative equilibria we need to solve the equation

ad
;
D

h
 + ad
;
D

h
J
N
1
(w) + P
(g

=g
p
)

(ad

^

(;w)
( + J
N
1
(w))) + ad


p

J
N
1
D
w
h  
p
w

= 0 (3.2)
for some 
p
2 g
p
whih is the drift veloity of the relative equilibrium of (3.1). These equations have
already been formulated by Chossat et al. [6℄. Instead of solving the rather ompliated equation (3.2)
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we will restrit our attention to persistene of non-degenerate relative equilibria  p with xed isotropy
G
p
. For a subgroup
~
G of G ating on M denote by
Fix
M
(
~
G) = fu 2 M ; ~gu = u 8 ~g 2
~
Gg
the xed point spae of
~
G, and by N(
~
 ) the normalizer of
~
  =
~
G \  . Then Fix
M
(
~
 ) is sympleti,
invariant under the time-evolution of (2.1), and N(
~
 ) ats on Fix
M
(
~
 ). Now we dene what we mean
by a nondegenerate relative equilibrium.
Denition 3.1 A relative equilibrium  p of (2.1) with drift veloity , momentum  and sympleti
normal spae N
1
is said to be non-degenerate modulo isotropy if D
2
H

(p)j
Fix
N
1
(G
p
)
is a non-degenerate
quadrati form on Fix
N
1
(G
p
).
Sine (2.1) denes a vetoreld on Fix
M
( 
p
) and we are only interested in relative equilibria with xed
isotropy G
p
, we dene
M = Fix
M
( 
p
); L = N( 
p
)= 
p
;  = (N( 
p
) \  )= 
p
; N = Fix
N
( 
p
): (3.3)
Then  ats sympletially on the sympleti manifoldM , and so there is a momentummap J
M
:M ! l

where l is the Lie algebra of L. The relation between J
M
and J is as follows: the Lie algebra l an be
embedded into g by the identiation l ' Fix
g
( 
p
)\g
?
p
with respet to some G
p
-invariant inner produt
on g. Analogously l

' Fix
g

( 
p
) \ ann(g
p
). With these identiations J
M
is the restrition of J to M
and l, ie, J

L
M
(x) = J

(x), 
L
'  2 l. Note that  ats freely on M near p. Sine p = f
H
(p), sine f
H
is
G-equivariant and p is G
p
-invariant we an always hoose the drift veloity  of the relative equilibrium
whih is determined modulo g
p
suh that  ' 
L
2 l  Fix
g
(G
p
)  g, f. [16℄. We further dene
N = N
0
N
1
; N
0
= Fix
N
0
( 
p
)  l


; N
1
= Fix
N
1
( 
p
) (3.4)
where l

is the Lie algebra of L

(here we onsider the momentum  ' j
l
as an element of l

). Then 
ats freely onM near p and the relative equilibrium p inM is non-reversible if L
p
= fidg and reversible
if L
p
= Z

2
:= fid; g. Here  2 G
p
n 
p
is some reversing symmetry of the relative equilibrium in M and
is of order two when viewed as element of L. An L-invariant neighbourhood U of Lp in M , expressed in
bundle oordinates, beomes U ' L
L
p
N . Relative equilibria near  p in M with the same isotropy G
p
orrespond to relative equilibria near p in M with isotropy L
p
. To nd these relative equilibria on M
we need to solve the equation

ad

j

L
()D

h(;w)
( + 
L
)
D
w
h(; w)

= 0 (3.5)
on M . In this ase D

h(0) = 
L
2 l

is the drift veloity of the relative equilibrium p in M , ad
denotes the adjoint ation on l and j

L
() : l

! l,  2 l


. In bundle oordinates the momentum
map J
M
on M is given by j
M
(g; ) = g(
L
+ ), g 2 L,  2 N
0
= Fix
N
0
( 
p
) = l


[24℄, so that in
bundle oodinates on M the Hamiltonian H

= H   J

in the frame moving with veloity  beomes
h

L
(;w) = h(; w)  (g(
L
+ ))(
L
). Computing D
2
H

(p)j
Fix
N
1
(G
p
)
in slie oordinates we therefore
get
D
2
H

(p)j
Fix
N
1
(G
p
)
= D
2
w
h(0)j
Fix
N
1
(L
p
)
(sine g = id on the slie). Therefore the ondition that the relative equilibrium is non-degenerate on
Fix
M
(G
p
) translates into the ondition that D
2
w
h(0)j
Fix
N
1
(L
p
)
is non-degenerate, where N
1
= Fix
N
1
( 
p
).
Due to the non-degeneray ondition we an solve the seond equation of (3.5) by the impliit funtion
theorem for  2 Fix
N
0
(L
p
) = Fix
N
0
(G
p
) to get a loally unique path w() 2 Fix
N
1
(L
p
) = Fix
N
1
(G
p
)
satisfying D
w
h(;w()) = 0. Inserting this into the rst equation of (3.5) we are left with the Lie group
theoreti equation
F () = f((); ()) = 0 where F : Fix
l


(L
p
)! Fix
l


(
p
); (3.6)
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() = j

L
()D

h(; w()); () = 
L
+ ; (3.7)
and
f : l l

! l

; f(; ) = ad


: (3.8)
This proedure is quite ommon [27, 36, 6, 37℄. So we see that the set of relative equilibria lose to  p
with xed isotropy G
p
is related to the algebrai variety
f
 1
(0) = (l l

)

= f(; ) 2 l l

; f(; ) = ad


 = 0g (3.9)
of pairs (; ) 2 l  l

whih `ommute` in the sense that ad


 = 0. The drift veloity 
L
2 l of a
relative equilibrium p in M = Fix
M
( 
p
) with momentum 
L
= J
M
(p) 2 l

satises 
L
2 l

so that
(
L
; 
L
) 2 (l l

)

. We therefore all the elements of (l l

)

veloity-momentum-pairs and (l l

)

itself
veloity-momentum pair spae. In [34℄ the elements of (l l

)

are alled generator-momentum pairs.
The following proposition summarizes the relationship between solutions of (3.6) and relative equi-
libria of (2.1).
Proposition 3.2 Let  p be a relative equilibrium of (2.1) with momentum  = J(p) whih is non-
degenerate modulo isotropy, let M = Fix
M
( 
p
) and let L, , N
0
and N
1
be as in (3.3), (3.4). Then
every relative equilibrium lose to  p with isotropy G
p
orresponds to a solution of (3.6) { (3.8). In
partiular, if (),  2 R
r
, (0) = 0, is an r-dimensional manifold of solutions to (3.6) then there is a
manifold M
RE
M of relative equilibria with isotropy onjugate to L
p
of dimension
dim(M
RE
) = dim + r = dimN( 
p
)  dim 
p
+ r
whih is formed by the r-dimensional family of relative equilibria Lp(), p()  (id; (); w(())), with
momentum J
M
(p()) = () = 
L
+ ( ) and drift veloity (()). This gives a manifold M
RE
of
relative equilibria  p() with isotropy onjugate to G
p
in M of dimension
dim(M
RE
) = dim  + r   dim 
p
with M
RE
= Fix
M
RE
( 
p
). The relative equilibria are reversible if L
p
' Z
2
, and non-reversible if L
p
is
trivial.
Beause of this proposition in the following setions we an restrit to an L-invariant neighbourhood
U of Lp in the manifold M = Fix
M
( 
p
) where the symmetry group  ats freely. Moreover we see
that in order to obtain persistene results for nondegenerate relative equilibria we need to understand
the solution manifold of (3.6). This is determined by the struture of the veloity-momentum pair spae
(ll

)

. In Setion 4 we will study the struture of the veloity-momentum pair spae near regular points.
In Setion 5 we will solve (3.6) under a generiity assumption on the veloity-momentum pair without
taking reversibility into aount, ie we will onsider the ase G =   so that L
p
is trivial. This yields
persistene results for general relative equilibria. In Setion 6 we will deal with the ase L
p
' Z
2
and
prove a result on the persistene of reversible relative equilibria to nearby reversible relative equilibria.
4 Regular veloity-momentum pairs
In this setion we investigate the variety V = (g g

)

of veloity-momentum pairs introdued in (3.9).
We introdue the notion of a regular veloity-momentum pair, desribe the variety loally using a setion
transverse to the group orbit and give suÆient onditions for a veloity-momentum pair to be regular.
We do not onsider reversing symmetries in this setion. They are treated in Setion 6 below.
The following onepts generalize the notions of [32, 34℄ to non-ompat groups.
Denition 4.1
a) We all  2 g

regular (or minimal [37℄) if its isotropy subgroup G

for the oadjoint ation of G
on g

has minimal dimension r

(G).
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b) We all  2 g regular (or minimal) if its isotropy G

for the adjoint ation of G on g has minimal
dimension r

(G).
) We all a pair (; ) 2 (g  g

)

regular if (g  g

)

is a manifold near (; ). In this ase let
r = r
(;)
(G) be suh that (g g

)

has dimension dim
(;)
(g g

)

= dimG+ r near (; ).
d) Dene a G-ation on g  g

by
g(; ) = (Ad
g
; g);  2 g;  2 g

; g 2 G;
so that G
(;)
= G

\G

. We say that a pair (; ) 2 (g  g

)

is minimal if dimG
(;)
is loally
minimal in (g g

)

.
Remark 4.2 We oasionally all the elements of g

momenta beause they an be interpreted as values
of a momentum map J : M ! g

on a sympleti manifold M with a sympleti G-ation. But the
notion of a regular momentum  where  is a regular element of g

in the above dened sense must not
be onfused with the notion of a regular value  = J(p) of a momentum map.
Patrik [32℄ onsidered ompat groups G and alled  2 g

,  2 g or (; ) 2 (g  g

)

regular if
g

, g

or g

\ g

is the Lie algebra of a maximal torus of G. Reall that a maximal torus T  G of a
ompat group G is an abelian subgroup of G
0
of maximal dimension. For ompat groups G every  2 g
lies in the Lie algebra t of a maximal torus T of G, almost every  2 g generates a maximal torus, and
all maximal tori are onjugate [5℄. We denote the dimension of the maximal tori of a ompat group G
by rank(G). The following proposition states that for ompat groups regularity in the sense of Patrik
is equivalent to regularity in our sense.
Proposition 4.3 [34℄ In the ase of a ompat group G a pair (; ) 2 (g  g

)

is regular if and
only if it is minimal. Moreover  2 g ( 2 g

, (; ) 2 (g  g

)

) are minimal if and only if g

(g

,
g
(;)
) is the Lie algebra of a maximal torus in G, and in this ase r

(G) = rank(G) (r

(G) = rank(G),
r
(;)
(G) = rank(G)).
Proof. The theory of maximal tori [5℄ implies that the isotropy subalgebras of minimal veloities,
momenta, veloity-momentum pairs of ompat group ations are Lie algebras of maximal tori. To be
more preise, let  2 g. Then there is a maximal torus T suh that  2 t where t is the Lie algebra
of T , see [5℄. So t  g

, and g

has minimal dimension if t = g

, or, equivalently, dimg

= rank(G).
Sine for ompat groups adjoint and oadjoint ations an be identied the same onlusions hold for
the oadjoint ations. In partiular for a given  2 g

there is a maximal torus T with t  g

. Now let
(; ) 2 (g  g

)

. Then g
(;)
has minimal dimension if and only if  lies in the Lie algebra t  g

of
only one maximal torus T  G

of G

, so that t = g
(;)
. The fat that for ompat groups G a pair
(; ) 2 (g  g

)

is regular if and only if it is minimal follows from the stratiation of (g  g

)

given
in [34℄, see also Proposition 4.9 ).
For nonompat groups the situation is muh more ompliated, as we will see in the sequel. Before
ontinuing we reall some elementary real algebrai geometry. An (algebrai) variety V  R
m
is an
algebrai set, ie, a subset of R
m
dened by polynomial equations f
1
(x) = : : : f
n
(x) = 0 where x =
(x
1
; : : : ; x
m
) 2 R
m
and f
i
2 R[x℄, i = 1; : : : ; n. We write V = V (f). Here R[x℄ = R[x
1
; : : : ; x
m
℄ denotes
the ring of polynomials in m variables.
An algebrai variety is alled irreduible if it is not a union of two dierent nonempty algebrai
varieties. Every algebrai variety an be deomposed into its irreduible omponents [3℄, but these
irreduible omponents are often not disjoint. Consider for example the variety V = fx 2 R
2
; x
2
 y
2
= 0g.
Its irreduible omponents x = y and x =  y interset in (x; y) = 0.
A point p 2 V is alled regular or non-singular if p is a smooth point of V , that is, V is a manifold near
p, otherwise p is alled singular. Smooth points of algebrai varieties are open and dense [9, Thm. I.2.4℄.
Remarks 4.4
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a) The notion of regular points of varieties (as well as the notion of a variety itself) is used in dierent
ways in the literature. The notion of regular points in Bohnak et al. [3℄ is stronger than the one
we and Gibson et al. [9℄ use. Indeed, points of algebrai varieties whih are regular in the sense of
[3℄ are smooth, by [3, Prop. 3.3.9,10℄, but the onverse is not true, f. [3, Example 3.3.11 b)℄.
b) We all a point p of an algebrai variety V = V (f) for a vetor of polynomials f minimal (with
respet to f) if kerDf(p) has loally minimal dimension in V . If the omponents f
i
, i = 1; : : : ; n, of
the vetor f = (f
1
; : : : ; f
n
) of polynomials generate the ideal I(V )  R[x℄ of all polynomials whih
vanish on V then for every p 2 V the dimension of kerD
^
f(p), with
^
f 2 I(V ), has a minimum for
^
f = f , and in this ase dimkerDf(p) is alled the embedding dimension edim
p
V of V at p [4℄. For
every smooth point p we have edim
p
V  dim
p
V , but in general smooth points of varieties are not
minimal, ie equality does not in general hold, even if f generates I(V ), f. [3, Example 3.3.11 b)℄.
) The stratiation theorem for algebrai varieties [9, Thm. I.2.7℄,[3℄ states that every algebrai variety
an be deomposed in a anonial way into a minimal nite number of disjoint submanifolds, alled
strata, whih are semi-algebrai sets, suh that that this deomposition is loally nite andWhitney-
regular. In this paper we restrit attention to persistene of Hamiltonian relative equilibria with
regular veloity-momentum pairs. Near suh veloity-momentum pairs the variety (g  g

)

is a
manifold, and the general stratiation result is not needed. To generalize the results of [34℄ on
persistene of transversal relative equilibria with arbitrary veloity-momentum pairs to nonompat
non-free group ations this stratiation result will be essential. This paper is a rst step towards
this more general goal.
The following proposition shows that a pair (; ) 2 (g  g

)

is minimal in the sense of Denition
4.1 if it is a minimal point of the variety V (f) = (gg

)

with respet to f as dened in Remark 4.4 b).
Proposition 4.5 For (; ) 2 (g  g

)

we have dimG
(;)
+ dimG = dimkerDf(; ) with f from
(3.8).
Proof. Let (
^
; ^) 2 kerDf(; ), ie ad

^

 + ad


^ = 0. Then ad


^ 2 g. Write ^ = ad


 + ^ with
^ 2 ann(n

) and  2 n

. Sine  2 g

the ondition ad


^ 2 g is equivalent to ad
;

^ = 0. From the
fats that dim ker ad
;

= dimg
(;)
, that
^
 is only determined modulo g

and that ad


 2 ann(g

) an
be hosen arbitrarily the proof follows.
The following proposition shows that regular  2 g

, regular  2 g and regular pairs (; ) 2 (gg

)

are generi.
Proposition 4.6
a) The set of regular elements  2 g

is open and dense in g

.
b) The set of regular elements  2 g is open and dense in g.
) The set of regular pairs (; ) 2 (g  g

)

is open and dense in (g g

)

.
Proof. Part a) was proved by Duo and Vergne, see [25, Theorem 9.3.10℄. Part b) an be shown in the
same way: Let  2 g be regular, r = r

(G). The ondition dim(g
^

) = dim ker ad
^

> r is an algebrai
ondition on
^
 2 g sine it is equivalent to the onditions that the determinants of all (r; r)-minors of
the matrix ad
^

vanish. Moreover these onditions dene a proper subset of g. Therefore its omplement
is (Zariski-) open and dense in g. Part ) follows from the orresponding statement [9, Thm. I.2.4℄ for
general varieties mentioned above.
Note that minimal pairs (; ) 2 (g g

)

are also open and dense in (g g

)

. The following tehnial
lemma whih we need in proofs later generalizes the results of [32, 34℄ on regular veloity-momentum
pairs to nonompat groups.
Lemma 4.7
a) The spae (g g

)

is G-invariant.
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b) Let (; ) 2 (gg

)

, g = g

n

, and identify g


= ann(n

). Using the setion +g


transverse
to G at  from Lemma 2.1 a), we get the following parametrization of (gg

)

in a neighbourhood
U
(gg

)

(; ) of (; ) in (g  g

)

:
U
(gg

)

(; ) = f(j

()();+ );  2 U
G
(id);
(; ) 2 U
g

g


(; 0) satises f

(; ) = 0g:
Here U
G
(id), U
g

g


(; 0) are neighbourhoods of id in G and (; 0) in g

 g


respetively, f

is
dened by
f

: g

 g


! g


; f

(; ) = ad

j

()
(+ ); (4.1)
and (; ; ) are loally unique modulo the ation of U
G
(id) \ Z
;
given by


(; ; ) := (
 1

; 

Æ

; 

Æ ); 

2 U
G
(id) \ Z
;
; (4.2)
where 

Æ

 2 g

is dened by the equation
Ad


(j

()) = j

(

Æ )

Æ

;
Z
;
is as in (2.3), and 

Æ  as in (2.5). Note that if  is split and n

is hosen G
0

-invariant
then 

Æ  = 

, 

Æ

 = 

.
Moreover f
 1
(0) = (g  g

)

is loally a manifold near (; ) 2 (g  g

)

if and only if f
 1

(0) is
loally a manifold near (; 0).
) Let (; ) 2 (gg

)

be regular and let and r = r
(;)
(G) be suh that dim
(;)
(gg

)

= r+dimG.
Then r  dimg
(;)
and near (; ) = (; 0) the set f
 1

(0) an be parametrized by (; (; ))
where (; ) lies in a neighbourhood U
g

R
r
(; 0) of (; 0) in g

 R
r
,  : U
g

R
r
(; 0) ! g


is
smooth, (; 0) = 0, D

(; 0) = 0 and the olumns of D

(; 0) span an r-dimensional subspae of
ker(ad
;

). If  is split then (; ) is linear in  .
Proof. a) is lear, b) follows from Lemma 2.1. To prove part ) let (; ) be a smooth point of
(g  g

)

with r = r
(;)
(G). Then by part b) f
 1

(0)  g

 g


is a manifold near (; 0). Moreover,
dim
(;0)
f
 1

(0) = r + dimg

. Sine f
 1

(0) learly ontains the vetorspae g

 f0g  g

 g


we
an loally parametrize f
 1

(0) as (; (;  )) where  2 g

is lose to ,  2 R
r
is small, (; 0) =
0, D

(; 0) = 0 and the rank of D

(; 0) is r. Dierentiating f

(; (; )) = 0 at (; 0) we get
ad
;

D

(; 0) = 0. As a onsequene r  dimker ad
;

= dimg
(;)
. The last statement follows from
the fat that for  split j

()  id by Lemma 2.1 ).
Remark 4.8 In general it is unlear when r
(;)
(G) = dimg
(;)
. If the polynomial vetor f dening
the algebrai variety V = (g  g

)

generates the ideal I(V ) then dimG + dimg
(;)
is the embedding
dimension at (; ) by Proposition 4.5, and then the equality r
(;)
(G) = dimg
(;)
holds for points whih
are regular in the sense of [3℄. When this is satised, and whether the above equality holds for any veloity-
momentum pair whih is regular in our sense, is a non-trivial problem of algebrai geometry. Similarly,
it is unlear how minimal and regular veloity-momentum pairs are related in general, f. Remark 4.4.
The questions raised in Remark 4.8 an be answered positively for speial ases as the following
proposition shows.
Proposition 4.9
a) If  2 g

is regular then (; ) is regular and minimal for every  2 g

, and dimg

= r

(G) =
r
(;)
(G) = dimg
(;)
. Moreover
f

(; )  0 for  2 g


;   0;  2 g

: (4.3)
b) If  2 g is regular in g then (; ) is regular and minimal for every  2 g

with ad


 = 0, and
r

(G) = r
(;)
(G) = dimg
(;)
.
10
) If  is split then the following onditions are equivalent:
(i)  is regular in g

;
(ii) (; ) 2 (g g

)

is regular;
(iii) (; ) 2 (g g

)

is minimal.
Moreover, if  is split and (; ) regular then r
(;)
(G) = dimg
(;)
.
Note that for G ompat every  is split so that a veloity-momentum pair is regular if and only if it is
minimal, as stated in Proposition 4.3.
Proof.
a) If  is minimal then G
^
has loally onstant dimension for ^ in a small neighbourhood of  in
g

. Let ^ =  +  with  2 ann(n

) small. Clearly g
+
 T
id
Z
;
whih means, by Lemma
2.1 b), that g
+
 j

()g

. Sine j

() is injetive for  small and dimg
+
= dimg

we
onlude that g
+
= j

()g

so that (4.3) holds. Moreover, lose to the set g

 fg  (g g

)

the variety (g  g

)

is a trivial bundle with bre g
^
isomorphi to g

over a neighbourhood
^   of  in g

. The dimension of (g  g

)

near g

 fg is therefore dimG + dimG

. This
shows that for every  2 g

the veloity-momentum pair (; ) is a smooth point of (g  g

)

with r
(;)
(G) = r

(G) = dimG

. Sine r
(;)
(G)  dimg
(;)
(as we saw in Lemma 4.7 )) and
dimg
(;)
 dimg

= r

(G), we have r
(;)
(G) = dimg
(;)
= r

(G). Sine regular momenta are
open by Proposition 4.6 this dimension is loally onstant when (; ) is varied in (gg

)

so that
(; ) is minimal.
b) If  is minimal then G
^

has loally onstant dimension for
^
 in a small neighbourhood of  in g.
So, as in a), lose to fg  ker ad


 (g  g

)

the variety (g  g

)

is a trivial bundle with bre
ker ad

^

isomorphi to ker ad


over a neighbourhood
^
   of  in g, and the dimension of (g g

)

near fgker ad


is therefore dimG+dimG

. This shows that (; ) is a smooth point of (gg

)

with r = r

(G) for every  2 g

with ad


 = 0. The rest follows as in a).
) If  is split then j

= id and f

(; ) = ad
;

 where  2 g


,  2 g

.
We rst show that (i) implies (ii). Let  be minimal in g

. From part b) we see that (; 0) is a
regular point of (g

g


)

with r
(;0)
(G

) = dimg
(;)
. From Lemma 4.7 ) we onlude that (; )
is a regular point of (g g

)

with r
(;)
(G) = dimg
(;)
.
Now we show that (ii) implies (iii). If  is split and (; ) a regular point of (g  g

)

with
dim
(;)
(gg

)

= dimG+r then by Lemma 4.7 ) (g

g


)

is a manifold near (; 0) 2 (g

g


)

of dimension r + dimG

, and this manifold is loally parametrized by (; (;  )) where  2 g

is lose to  and  2 R
r
is small. This implies that for every  lose to  we have dimg
(;)
=
dimker ad
;

= r, so that  is minimal in g

whih by b) means that (; 0) is minimal in (g

g


)

.
Now let (
^
; ^) 2 (g  g

)

be lose to (; ). Then by Lemma 4.7 b) there are g 2 G,  2 g

and
 2 g


with g  id,   0;    suh that (
^
; ^) = g(; + ). So dimg
(
^
;^)
= dimg
(;+)
, and
sine  is split we have g
+
 g

. For (; )) 2 (g  g

)

to be minimal it is therefore suÆient
to show that (; 0) is a minimal point of (g

 g


)

whih is true as we just saw.
Finally we show that (iii) implies (i). If (; ) 2 (g  g

)

is minimal then dimg
(;)
= dimg
(;)
for  2 g

lose to , so that  is minimal in g

.
The equation dimg

= r

(G) = r
(;)
(G) = dimg
(;)
for  2 g

minimal,  2 g

arbitrary, implies
the result of Duo and Vergne that G
0

is abelian for minimal  [25, Theorem 9.3.10℄. As a onsequene
isotropy groups of regular  2 g

are produts of tori and lines.
Examples 4.10
a) In the ase G = SO(3) the identity omponents of isotropy subgroups of regular  2 so(3)

, regular
 2 so(3) and regular pairs (; ) 2 (so(3) so(3)

)

are opies of SO(2).
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b) The group G = SL(2;R) is semisimple and therefore there is an isomorphism between the adjoint
and oadjoint ations given by the Killing form. One omputes that the identity omponents of
minimal momentum and minimal veloity isotropy subgroups are either dieomorphi to G
0

= R
(if  2 sl(2;R) is a semisimple matrix with real non-zero eigenvalues or a nilpotent matrix) or to
G
0

= SO(2) (if  is a semisimple matrix with non-zero purely imaginary eigenvalues). Note that 
is minimal but not split if  is a nilpotent matrix [37℄.
) In ontrast to ompat and semisimple groups for general nonompat groups minimal momentum
isotropy subgroups and minimal veloity isotropy subgroups an be quite dierent. Consider for
example the speial Eulidean group of the plane SE(2) = SO(2) n R
2
. The semidiret produt
K nR
N
of a ompat group K ating on R
N
with the additive group R
N
is dened by
(R
1
; a
1
)(R
2
; a
2
) = (R
1
R
2
; a
1
+R
1
a
2
); where R
i
2 K; a
i
2 R
N
; i = 1; 2:
Write  2 se(2) as  = (
r
; 
a
) where 
r
2 so(2), 
a
= (
a
1
; 
a
2
) 2 R
2
, and similarly  2 se(2)

=
so(2)

 R
2;
as  = (
r
; 
a
). We ompute that the adjoint ation of SE(2) is given by
Ad
(R;a)
(
r
; 
a
) = (
r
;Ad
R

a
  
r
a); (4.4)
and the oadjoint ation is
Ad

(R;a)
(
r
; 
a
) = (
r
  a
1

a
2
+ a
2

a
1
;Ad

R

a
): (4.5)
We see that the minimal momentum isotropy subalgebras g

are opies of R whereas minimal
veloity momentum isotropy subalgebras g

are opies of so(2). Moreover a pair (; ) 2 (se(2)
se(2)

)

is regular if and only if either  is regular or  is regular.
Note that (; ) 2 (se(2)se(2)

)

if either 
r
= 0 and 
a
1

a
2
 
a
2

a
1
= 0 or 
a
= 0 and  is arbitrary
whih shows that the variety (se(2)se(2)

)

has two irreduible omponents. The regular stratum
of the rst irreduible omponent onsists of veloity-momentum pairs with regular momentum,
the regular stratum of the seond irreduible omponent onsists of veloity-momentum pairs with
regular veloity.
d) Consider the speial Eulidean group of three spae G = SE(3) = SO(3) n R
3
. The adjoint and
oadjoint ations of SE(3) on se(3) and se(3)

are given [37℄ by
Ad
(R;a)
 = (R
r
; R
a
 R
r
 a);
Ad

(R;a)
 = (R
 1
(
r
  a 
a
); R
 1

a
)
; R 2 SO(3); a 2 R
3
: (4.6)
One omputes that  2 se(3)

is regular if and only if 
a
6= 0, that a veloity  2 se(3) is regular
if and only if 
r
6= 0, that a pair (; ) 2 (se(3)  se(3)

)

is regular if and only if either  or 
is regular, and that the identity omponents of isotropy subgroups of regular  2 se(3), regular
 2 se(3)

and regular pairs (; ) 2 (se(3) se(3)

)

are all of the form SO(2) R.
e) Let G = SO(2)nR
4
with the ation of SO(2) on R
4
given by Ra = (Ra
1
; Ra
2
), where a = (a
1
; a
2
),
a
i
2 R
2
, i = 1; 2, and R

ats via its standard ation on R
2
. Writing  2 so(2)R
4
as  = (
r
; 
a
)
with 
r
2 so(2), 
a
= (
a
1
; 
a
2
) 2 R
4
, 
a
i
= (
a
i
1
; 
a
i
2
) 2 R
2
, i = 1; 2, and similarly for  2 g

, the
adjoint ation is given by the formula (4.4), and the innitesimal oadjoint ation is
ad

(
r
;
a
)
(
r
; 
a
) = (
a
1
2

a
1
1
  
a
1
1

a
1
2
+ 
a
2
2

a
2
1
  
a
2
1

a
2
2
; ad


r

a
):
Hene, if 
a
= 0 then G

= G, otherwise G

 R
3
, so that for a minimal  we have r

(G) = 3. On
the other hand  2 g is minimal if 
r
6= 0. In this ase r

(G) = 1 and g

is a opy of so(2). As a
onsequene, (gg

)

has two strata with regular points, one stratum of dimension 8 and another
one with dimension 6.
The examples show that in the ase of non-ompat groups the isotropy subalgebras g
(;)
of regular
pairs (; ) 2 (g g

)

may be non-isomorphi (Example 4.10 b),),e)), that (g g

)

may have several
irreduible omponents (Example 4.10 )), and that these irreduible omponents may even have dierent
dimensions (Example 4.10 e)). The situation is muh simpler in the ase of ompat symmetry groups
as Proposition 4.3 and the following result show.
12
Proposition 4.11 For ompat groups G the algebrai variety (g g

)

is irreduible.
Proof. The isotropy subalgebra g
(;)
of every pair (; ) 2 (g  g

)

ontains the Lie algebra t of a
maximal torus. Within the subspae t  t

of (g  g

)

the non-regular pairs (; ) 2 (g  g

)

have
odimension  2 sine both  2 g and  2 g

have to be non-regular for (; ) to be non-regular.
Hene the set of regular points of (g g

)

intersets t t

in a onneted open dense subset. Sine all
maximal tori are onjugate we have G
0
(t  t

) = (g  g

)

whih proves that the set of regular pairs
(; ) 2 (g  g

)

is a onneted subset of (g  g

)

. If (; ) is regular then edim
p
V = dim
p
V with
p = (; ), V = (g  g

)

. By [3, Prop. 3.3.9℄ points p with this property lie in only one irreduible
omponent of V . Sine the set of regular pairs (; ) 2 (g  g

)

forms a dense, onneted subset of
(gg

)

and sine every irreduible omponent of an algebrai variety is learly losed in the Eulidean
topology this shows that (g g

)

is irreduible for ompat groups G.
5 Persistene of general relative equilibria
In this setion we present a result on persistene of non-degenerate relative equilibria with veloity-
momentum pairs whih are regular modulo isotropy. This extends results of [32, 34, 30℄ to the ase
of nonompat group ations. We restrit the dynamis onto a -invariant neighbourhood U of p in
M = Fix
M
( 
p
) where  = (N( 
p
) \  )= 
p
ats freely near p and hoose the drift veloity  of the
relative equilibrium  p to lie in l onsidered as subspae of g and thus identify  2 g with 
L
2 l, see
Setion 3 above. Moreover, as in Setion 3, we onsider l

as subspae of g

and denote 
L
= j
l
. We
do not onsider time-reversible symmetries in this setion, ie., we set G =   and L = .
Denition 5.1 We say that a relative equilibrium  p of (2.1) with momentum  = J(p) and drift veloity
 2 g

, has regular momentum (regular veloity, regular veloity-momentum pair) modulo isotropy if

L
is regular in l

(
L
is regular in l, (
L
; 
L
) is regular in (l  l

)

) where l is the Lie algebra of
L = N( 
p
)= 
p
.
Note that J
M
:M ! l

is surjetive from a -invariant neighbourhood U
M
of p inM onto a -invariant
neighbourhood U
l

of 
L
in l

sine the -ation is loally free near p in M . Therefore Proposition 4.6
applied onto l

implies that the set of regular  2 l

is open and dense in U
l

.
Now we an formulate a persistene result for relative equilibria with regular veloity-momentum
pairs modulo isotropy:
Theorem 5.2 Let  p be a relative equilibrium of (2.1) whih is non-degenerate and has regular veloity-
momentum pair (; ) modulo isotropy and let  = N( 
p
)= 
p
. Then:
a) The solutions of (3.6)-(3.8) form an r-dimensional manifold ( ) 2 l


 g


,  2 R
r
, r =
r
(
L
;
L
)
() with (0) = 0 whih, by Proposition 3.2, gives an r-dimensional family of relative
equilibria  p() with p(0) = p, with isotropy  
p
, drift veloity () lose to  and momentum
J(p()) = +() lose to ; moreover there are no other relative equilibria with the same isotropy
near  p.
b) If  is regular modulo isotropy, then a) holds, r = r

L
(), and p 2 M persists to every nearby
momentum ^
L
2 l

.
) If  is regular modulo isotropy, then a) holds, and r = r

L
().
d) Let M
RE
be the submanifold formed by these relative equilibria and let M
RE
= Fix
M
RE
( 
p
). Then
M
RE
is a sympleti manifold if and only if  is regular modulo isotropy. In this ase M
RE
 l


.
Proof.
a) We solve F () = f

(D

h(;w()); ) = 0 where  2 l


, 
L
= D

h(0) 2 l

, F is from (3.6) and f

from (4.1). Lemma 4.7 ), applied to the group L, implies that lose to (; ) = (
L
; 0) there is an
r-dimensional manifold (; (; )), with (
L
; 0) = 0, of solutions to f

(; ) = 0. The equation
 = D

h((;  ); w((;  ))) (5.1)
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an be solved for  = (),  small, by the impliit funtion theorem beause it is satised for
 = 0 with (0) = 
L
and beause D

(
L
; 0) = 0 by Lemma 4.7 ). This gives an r-dimensional
family () := ((); ) of solutions of (3.6).
b) follows from the proof of a) and Proposition 4.9 a).
) follows from the proof of a) and Proposition 4.9 b).
d) By the Witt deomposition (see Setion 2), applied onto M = Fix
 
p
(M), we have T
p
M = T
0

T
1
N
0
N
1
, where T
0
+ T
1
' l, T
0
' l

, T
1
' l=l

, N
0
' l


, T
1
, T
0
N
0
and N
1
are sympleti
spaes, and !j
T
p
M
= !j
T
0
N
0
+ !j
N
1
+ !j
T
1
. We have
T
p
M
RE
' T
0
 T
1


id
Dw(0)

imD(0)
where we used bundle oordinates on the right hand side and imD(0) denotes the image of D(0).
Sine imD(0)  l


the spae T
p
M
RE
is sympleti if and only if l


= imD(0), ie, if 
L
is minimal
in l

.
Propositions 4.3 and 4.9 an be used with g replaed by l to ompute the quantities r

L
(), r

L
() and
r
(
L
;
L
)
(). Most statements of parts b) and d) our in [37, Corollary 4.3℄. For ompat groups this
theorem is ontained in [34℄.
Examples 5.3
a) Consider a Hamiltonian system with a free ation of the symmetry group   = SE(3). Then the
isotropy subalgebras of regular veloity-momentum pairs are isomorphi to so(2) R, as Example
4.10 d) shows. Note that any veloity  2 se(3) orresponds to an innitesimal rotation around
some axis and/or translation about the same axis.
Let  p be a non-degenerate relative equilibrium with regular veloity-momentum pair (; ) 2
(se(3)  se(3)

)

. By Theorem 5.2 there is a two-parameter family  p(),  2 R
2
, of relative
equilibria ontaining  p, and no other relative equilibria loseby.
As an example onsider a relative equilibrium with regular momentum  = (
r
; 
a
), ie with non-
zero linear momentum 
a
(f Example 4.10 d)). Then by Theorem 5.2 b) the relative equilibrium
persists to every nearby momentum. Here we use that by (4.6) on every oadjoint orbit G there
is some ^ 2 G suh that ^
r
and ^
a
are parallel.
As another example onsider a relative equilibrium with zero linear momentum  = (
r
; 0), where
 
0

= SO(2) n R
3
. Then  is non-split [37℄. Let 
r
2 so
3
(2)

where so
i
(2)

denotes the 
r
i
-axis,
i = 1; 2; 3, and let n

= so
1
(2)

 so
2
(2)

. Similarly, let R

i
, i = 1; 2; 3, denote the 
a
i
-axis in R

.
If the rotation frequeny of the relative equilibrium is non-zero, 
r
6= 0, then Theorem 5.2 applies.
Notie that the momenta J(p()) 2 ann(n

) ' g


of the points fp();  2 U
R
2
(0)g on the family
of relative equilibria form a neighbourhood of 0 in the subspae so
3
(2)

 R

3
 g


, and therefore
typially have a non-zero 
a
-omponent whih means that they are typially regular.
A onrete example of a Hamiltonian system where this symmetry group arises is the Kirhho
model of a neutrally buoyant rigid body in an ideal irrotational uid [17, 18℄. The onguration
spae is the speial Eulidean group of three-spae Q = SE(3) = SO(3) n R
3
, with (R; a) 2 SE(3)
desribing the rotation angle and the position of the body. The phase spae is M = T

SE(3) =
SE(3) se(3)

where  = (
r
; 
a
) 2 se(3)

= so(3)

 (R
3
)

are angular and linear impulse of the
body. Assume that the body has oinident entres of gravity and buoyany. Then the body does
not feel gravity, and so the symmetry group is   = SE(3) = Q. The Hamiltonian for this system in
the ase of an ellipsoidal rigid body with enter of mass on a prinipal axis of the body is given by
H(
r
; 
a
) =
1
2

(
r
)
T
I
 1

r
+ (
a
)
T
M
 1

a

;
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where the diagonal positive denite matries I and M are the inertia tensor and mass matrix
respetively. A two-parameter family of relative equilibria is given by (R;a) = id, 
a
= (0; 0; 
r
3
),

a
= (0; 0; 
a
3
) with 
r
3
and 
a
3
arbitrary [17, Setion 3.2℄, [18, Setion 4℄. In this onrete example
a relative equilibrium with zero linear momentum and non-vanishing angular momentum spins
about some axis, but does not translate, and persists to a family of relative equilibria whih spin
and drift along the same xed axis. It is easy to hek the nondegeneray ondition required for
the persistene result of Theorem 5.2. Sine the momentum map J on M = T

SE(3) is given
by J(R;a; 
r
; 
a
) = Ad

(R;a)
 1
(
r
; 
a
) and is therefore linear on the (global) slie N given by
(R; a) = id, and sine D
2
H is onstant and positive denite, we see that D
2
H

(p)j
N
1
= D
2
H(p)j
N
1
is denite for all relative equilibria p 2 M with drift veloity  in the Kirhho model, and so the
non-degeneray ondition of Theorem 5.2 is always satised.
b) Consider a Hamiltonian system (2.1) with free ation of the symmetry group   = SE(2)  R =
SO(2) n R
3
where SE(2) is the speial Eulidean group of motions of the plane. As in Example
4.10 ) we write  = (
r
; 
a
) where 
a
2 R
3
and 
r
2 so(2) ats on 
a
2 R
3
as innitesimal rotation
around the 
a
3
-axis.
We onlude from Example 4.10 ) that (; ) is a regular veloity-momentum pair if and only if
either  or  are minimal. Moreover a momentum  = (
r
; 
a
) is minimal if (
a
1
; 
a
2
) 6= 0 in whih
ase  

= R
2
. A regular veloity satises 
r
6= 0 and then  

is isomorphi to SO(2) R.
Let  p be a non-degenerate relative equilibrium of (2.1) with regular veloity-momentum pair
(; ). Then Theorem 5.2 gives a two-parameter family of relative equilibria near  p with veloity-
momentum pairs lose to (; ).
If  is regular this family provides one relative equilibrium for eah momentum ^ lose to , by
Theorem 5.2 b). Sine  2 g

and  

= R
2
these relative equilibria translate, but do not rotate.
If  is regular then 
r
6= 0, and the orresponding linear momentum points along the 
a
3
-axis, sine
(
a
1
; 
a
2
) = 0. The relative equilibria of this family rotate and typially drift along the axis of
rotation.
A onrete example where this symmetry group arises is a neutrally buoyant rigid body, as in a),
now with non-oinident entres of gravity and buoyany aligned on the e
3
-axis. Then gravity is
ating on the body, and so the symmetry group is   = SE(2)  R. The relative equilibria with
regular momentum orrespond to rigid bodies whih translate in any non-vertial diretion and
do not spin, see also [17, Setion 3.2℄, [18, Setion 4.3.2℄. The relative equilibria with regular
veloity have linear momentum parallel to the axis of gravity (sine (
a
1
; 
a
2
) = 0) and translate
and spin along the axis of gravity, f. also [17, Setion 3.2℄, [18, Setion 4.4.2℄. Conrete formula of
these relative equilibria and stability omputations by Hessian tests whih imply the nondegeneray
ondition required in Theorem 5.2 an be found in these referenes.
Note that our persistene results do not require the rigid body in the Kirhho model to be ellip-
soidal, and indeed the results hold for any non-degenerate relative equilibrium with suh a momen-
tum value in a Hamiltonian system with this symmetry group.
6 Persistene of reversible relative equilibria
In this setion we extend the results of Setion 5 to the reversible ase. We present a result on persistene
of non-degenerate reversible relative equilibria with regular reversible veloity-momentum pairs.
Let  2 G
p
n 
p
be a reversing symmetry of a reversible relative equilibrium  p M of (2.1). Sine we
are only interested in relative equilibria nearby with the same isotropy G
p
we an restrit (2.1) to the ow-
invariant manifold M = Fix
M
( 
p
) for whih the (reversing) symmetry group of (2.1) is L = N( 
p
)= 
p
.
Then the symmetry group  = (N( 
p
) \  )= 
p
ats freely on an L-invariant neighbourhood U of Lp in
M , and, sine 
2
2  
p
, the reversing symmetry  is an order two element of L, L
p
= Z

2
:= fid; g and
L =  o Z

2
. Sine the momentum mapping is equivariant we have  =  where  = J(p) 2 l

and
 =  Ad


, f. (2.2). We all suh momenta reversible. Similarly the drift veloity  2 l of the relative
equilibrium is reversible, ie, satises Ad

 =  , see [16, 37℄.
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We rst generalize the theory of regular veloity-momentum pairs developed in Setion 4 to the
reversible ase.
For any Lie group   with Lie algebra g and index two extension G =   o Z

2
generated by   and
some involution  2 G dene
g
 
= f 2 g j Ad

 =  g; g
+
= f 2 g j Ad

 = g; (6.1)
and
g
+;
= (g

)
+
= f 2 g

; Ad


 = g = ann(g
 
);
g
 ;
= (g

)
 
= f 2 g

; Ad


 =  g = ann(g
+
):
We have g
+
= Fix
g
() where  ats on g by the usual adjoint ation and g
 ;
= Fix
g

() where  ats on
g

by the s-oadjoint ation as introdued in Setion 2. As mentioned above we all  2 g (-)reversible
if  2 g
 
, and similarly  2 g

(-)reversible if  2 g
 ;
.
Note that g
+
is the Lie algebra of the Lie group G
+
= Z
G
(), the entralizer of  in G, and that
[g
 
;g
 
℄  g
+
; [g
 
;g
+
℄  g
 
: (6.2)
So in general g
 
is not a Lie algebra. If it is then it is abelian beause for 
1
; 
2
2 g
 
we have
 [
1
; 
2
℄ = Ad

[
1
; 
2
℄ = [Ad


1
;Ad


2
℄ = [
1
; 
2
℄:
From (6.2) we get
ad

g
 
g
 ;
 g
+;
; ad

g
+
g
 ;
 g
 ;
; (6.3)
so that Z
G
() ats on g
 ;
. We now extend the notion of regular momenta, veloities and veloity-
momentum pairs that we introdued in Setion 4 to the reversible ase.
Denition 6.1 Let G =  oZ

2
be a Lie group and let Z

2
be generated by the involution  2 G.
a) We say that  2 g
 ;
is regular (or minimal) reversible if dim(g
 

) is minimal and denote this
dimension by r
 

(G).
b) We all  2 g
 
regular (or minimal) reversible if the Lie algebra g
+

of Z
G

() has minimal dimen-
sion and dene r
 

(G) = dimker ad


j
g
 ;
.
) We denote by f
 
the restrition of f to g
 
 g
 :
, ie
f
 
: g
 
 g
 :
! g
+:
; f
 
(; ) = ad


(); (6.4)
and all a pair (; ) 2 (g  g

)

reversible if (; ) 2 (g g

)
 ;
where
(g g

)
 ;
= (f
 
)
 1
(0) = f(; ) 2 g
 
 g
 ;
: ad


 = 0g:
We say that (; ) 2 (g  g

)
 ;
is
(i) regular if (; ) is a smooth point of the variety (g  g

)
 ;
; in this ase let r
 
(;)
(G) be suh
that dim
(;)
(g  g

)
 ;
= dimg
 
+ r
 
(;)
(G);
(ii) minimal if the dimension dimg
+
(;)
of the entralizer G
+
(;)
= Z
G
(;)
() of  in G
(;)
is
minimal in a neighbourhood of (; ) in (g  g

)
 ;
.
Remarks 6.2
a) Note that the ondition of minimality of  2 g
 
is equivalent to the ondition that ad


j
g
 ;
has a
kernel of minimal dimension r
 

(G). This is due to the fat that g
+

= ker ad

j
g
+
, [;g
+
℄  g
 
and
that ad


j
g
 ;
= (ad

j
g
+
)
T
. If we dene A 2 Mat(g) suh that Aj
g
+
= ad

, Aj
g
 
= 0 and use that
dim kerA = dim kerA
T
we get
r
 

(G) = dim ker ad


j
g
 ;
= dimg
+

+ dimg
 
  dimg
+
:
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b) Beause of (6.5) below reversible minimality of  is equivalent to minimality of dimg

for  2 g
 ;
whih again is equivalent to minimality of dimg
+

for  2 g
 ;
.
) For every (; ) 2 (g  g

)
 ;
we have
dim kerDf
 
(; ) = dimg
 
+ dim ker ad
;

j
g
 ;

:
This an be shown as in the proof of Proposition 4.5. Applying part a) to g

and using (6.5) we
get the relation
dim ker ad
;

j
g
 ;

= dimg
+
(;)
+ dimg
 
  dimg
+
:
So we see that (; ) 2 (g  g

)
 ;
is minimal reversible if and only if it is a minimal point of the
variety V (f
 
) = (g  g

)
 ;
with respet to f
 
, as in the non-reversible situation.
d) If G is ompat then adjoint and oadjoint ations oinide so that the ondition that  2 g
 
be minimal reversible is equivalent to the ondition that g
 

has minimal dimension for  2 g
 
whih by denition of minimal reversible veloities is equivalent to g

having minimal dimension
for  2 g
 
. Moreover in this ase r
 

(G) = dimg
 

. The same argument applied to G

rather than
G shows that for ompat G a pair (; ) 2 (g  g

)
 ;
minimal reversible if and only if dimg
 
(;)
is minimal and in this ase r
 
(;)
(G) = dimg
 
(;)
.
Proposition 6.3 Let G =   o Z

2
. Then the sets of minimal reversible elements  2 g
 
, minimal
reversible elements  2 g
 ;
, minimal reversible pairs (; ) 2 (g  g

)
 ;
and regular reversible pairs
(; ) 2 (g  g

)
 ;
are open and dense in g
 
, g
 ;
, and (g  g

)
 ;
respetively.
The proof is analogous to the proof of Proposition 4.6.
Denition 6.4 We all  2 g
 ;
reversible split if there is a hoie of Z

2
-invariant omplement n

to
g

in g suh that [g
 

;n
+

℄  n

.
Note that  2 g
 ;
is reversible split if and only if g
 

maps ann(g
+
+n

) ' g
 ;

into ann(n

) ' g


.
To see this let n

be Z

2
-invariant as before and let  2 ann(g
+
+ n

),  2 g
 

. Then ad


 2 ann(n

) if
and only if [; ℄ 2 g
+
+ n

for all  2 n

. From (6.2) we obtain the stated equivalene.
In the sequel we will need the following reversible version of Lemma 2.1:
Lemma 6.5 Let G =  nZ

2
and let  2 g
 :
. Choose a Z

2
-invariant omplement n

to g

in g. Then:
a) The spae +g
 ;

, where we identify g
 ;

' ann(n

)\g
 ;
, is a loal `reversible' setion transverse
to G
+
 at  in g
 ;
, ie, there is a neighbourhood U
 
of  in g
 ;
suh that
for all ^ 2 U
 
there are  2 G
+
;  2 g
 ;

suh that ^ = (+ )
where  = exp() and (; )  0 are loally unique in n
+

 g
 ;

. If we allow  = exp to vary
arbitrarily in a small neighbourhood U
G
+
(id) of G
+
then the above deomposition ^ = (+ ) is
loally unique modulo Z
+
;
:= Z
;
\G
+
, with Z
+
;
ating as in (2.5).
b) In a neighbourhood of id the set Z
+
;
is a manifold with dimZ
+
;
= dimg
+

, and
dimg
 
  dimg
+
= dimg
 

  dimg
+

8  2 g
 ;
: (6.5)
) If  is reversible split then j

()j
g
 

= idj
g
 

for  2 g
 ;

.
Proof. By Lemma 2.1 a) we have ^ = exp()(+ ) where  2 n

and  2 g


are loally unique. Sine
^ =  Ad


^ = exp(Ad

)( Ad


)
and ,  are loally unique we get  2 n
+

,  2 g
 ;

. By Lemma 2.1 a) the deomposition ^ = (+ )
with   id arbitrary in   is loally unique modulo Z
;
whih proves a). The rst statement of b) follows
from the impliit funtion theorem applied to (2.3) with g varying inG
+
. Using the loal reversible setion
transverse to G
+
 at  in g
 ;
and ounting dimensions we obtain (6.5). Part ) follows from Denition
6.4.
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The following tehnial lemma is the reversible analogue of Lemma 4.7.
Lemma 6.6 Let G =  oZ

2
. Then:
a) (g g

)
 ;
is G
+
-invariant.
b) Let (; ) 2 (g  g

)
 ;
be reversible, let n

be a Z

2
-invariant omplement to g

in g and identify
g
 ;

' ann(n

) \ g
 ;
as before. Using the setion + g
 ;

to G
+
 at  in g

from Lemma 6.5
we get the following parametrization of (g g

)
 ;
in a neighbourhood U
(gg

)
 ;
(; ) of (; ) in
(g g

)
 ;
:
U
(gg

)
 ;
(; ) = f(j

(); + );  2 U
G
+
(id);
(; ) 2 U
g
 

g
 ;

(; 0) satises f
 

(; ) = 0g:
Here U
G
+
(id) and U
g
 

g
 ;

(; 0) are neighbourhoods of id in G
+
and (; 0) in g
 

g
 ;

, and Z
;
is as in (2.3). The map f
 

is the restrition of f

from (4.1) to U
g
 

g
 ;

(; 0), and (; ; ) are
loally unique modulo the ation of U
G
(id)\Z
+
;
given by (4.2). Moreover (gg

)
 ;
is a manifold
near (; ) 2 (g  g

)
 ;
if and only if (f
 

)
 1
(0) is a manifold near (; 0).
) Let (; ) 2 (g g

)
 ;
be regular reversible, r = r
 
(;)
(G). Then r  dim ker ad
;

j
g
 ;

, and near
(; ) = (; 0) the set (f
 

)
 1
(0) is a manifold of the form (; (; )) where  : U
g
 

R
r
(; 0)! g
 ;

is smooth with (; 0) = 0, D

(; 0) = 0, and the olumns of D

(; 0) form an r-dimensional
subspae of ker ad
;

j
g
 ;

. If  is reversible split then (;  ) is linear in  .
Proof. a) is lear, b) follows from a) and Lemma 6.5. Part ) follows from b), Lemma 6.5 and (6.5),
similarly as in the proof of Lemma 4.7.
A torus T    is alled a maximal reversible torus if T is generated by some  2 g
 
and if T is not
ontained in any reversible torus of higher dimension [16℄. For ompat groups G every reversible  2 g
 
lies in the Lie algebra t
 
of a maximal reversible torus T
 
of G, almost every reversible  2 g
 
generates
a maximal reversible torus, and all maximal reversible tori are onjugate [16℄. In this ase we denote the
dimension of eah of those maximal reversible tori by rank
 
(G).
In the following proposition, whih is analogous to Propositions 4.9 and 4.3 in the non-reversible
situation, we give some suÆient onditions for a veloity-momentum pair to be regular reversible.
Proposition 6.7 Let G =  oZ

2
. Then:
a) If  2 g
 ;
is regular reversible then (; ) is regular reversible and minimal reversible for every
 2 g
 

, and dimg
 

= r
 

(G) = r
 
(;)
(G) = dim ker ad
;

j
g
 ;

. As a onsequene ad
;

j
g
 ;

 0
and [g
+

; g
 

℄ = 0. Moreover
f
 

(; )  0 for  2 g
 ;

;   0;  2 g
 

:
b) If  2 g
 
is regular reversible then (; ) is regular reversible and minimal reversible for all  2 g
 
with  2 g

and r
 

(G) = r
 
(;)
(G) = dim ker ad
;

j
g
 ;

.
) If  is reversible split then the following onditions are equivalent:
(i)  is regular reversible in g

;
(ii) (; ) 2 (g g

)
 ;
is regular reversible;
(iii) (; ) 2 (g g

)
 ;
is minimal reversible.
Moreover, if  is reversible split and (; ) regular reversible then r
 
(;)
(G) = dimker ad
;

j
g
 ;

.
d) Let G be ompat. Then a pair (; ) 2 (g g

)
 ;
is regular reversible if and only if it is minimal
reversible. Moreover  2 g
 
,  2 g
 ;
and (; ) 2 (gg

)
 ;
are minimal reversible if and only if
g
 

, g
 

and g
 
(;)
are the Lie algebras of a maximal reversible torus. In this ase r
 

(G) = rank
 
(G),
r
 

(G) = rank
 
(G) or r
 
(;)
(G) = rank
 
(G) respetively.
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Proof. The proofs of parts a),b),) are analogous to the proof of Proposition 4.9. The rst statement of
d) follows from ). To prove the seond statement of d) let G be ompat. By Remark 6.2 d) an element
 2 g
 
, and a pair (; ) 2 (g  g

)
 ;
are minimal reversible if and only if g
 

or g
 
(;)
have minimal
dimension, and then r

(G) = dimg
 

, r
(;)
(G) = dimg
 
(;)
respetively. Now we argue similarly as in
the proof of Proposition 4.3.
Before we an formulate our persistene result for reversible relative equilibria we need one more deni-
tion.
Denition 6.8 A reversible relative equilibrium  p  M of (2.1) is said to have regular reversible
momentum  = J(p) (regular reversible veloity , regular reversible veloity-momentum pair (; ))
modulo isotropy if 
L
= j
l
2 l
 ;
is regular reversible (
L
2 l
 
is regular reversible, (
L
; 
L
) 2 (ll

)
 ;
regular reversible) for the group L = N( 
p
)= 
p
.
Here we identify 
L
2 l with  2 g by onsidering l as subspae of g and hoosing  in l  g, and let

L
= j
l
as in Setion 3.
The following theorem presents a persistene result for reversible relative equilibria with regular
reversible veloity-momentum pairs modulo isotropy:
Theorem 6.9 Let  p be a reversible relative equilibrium of (2.1) whih is non-degenerate and has regular
reversible veloity-momentum pair (; ) modulo isotropy. Then:
a) The solutions of (3.6) form an r-dimensional manifold () 2 l
 ;

 g


,  2 R
r
, r = r
 
(
L
;
L
)
(L),
with (0) = 0 whih, by Proposition 3.2, gives an r-dimensional family of reversible relative equi-
libria  p() with isotropy G
p
and p(0) = p, and there are no other relative equilibria with the same
isotropy G
p
lose to  p.
b) If  is regular reversible modulo isotropy, then a) holds, r = r
 

L
(L), and p M persists to every
nearby reversible momentum ^
L
2 l
 ;
.
) If  is regular reversible modulo isotropy, then a) holds, and r = r
 

L
(L).
The proof is analogous to the proof of Theorem 5.2.
Example 6.10 We onsider Examples 5.3 again, a system with symmetry   = SE(3) (ase a)) or
  = SE(2)  R (ase b)), and the same onrete realization, a neutrally buoyant rigid body in an ideal
uid with oinident and non-oinident entres of mass and buoyany respetively, but now we take
reversibility into aount. We assume that (2.1) has a reversing symmetry  whih ommutes with all
elements of   so that the Hamiltonian of the problem is G-invariant with G =  Z

2
. This is frequently
satised in appliations, for example for the rigid body in the uid. In this ase the system has a reversing
symmetry  whih ats on phase spae M = T

SE(3) = SE(3)  se(3)

by reversing the signs of the
impulses, more preisely, by trivial ation on the onguration spae SE(3), and by the s-oadjoint ation
on impulse spae se(3)

, f. [17, 18℄.
a) First we revisit the ase where   = SE(3) with a neutrally buoyant body in a uid with oinident
entres of mass and buoyany as a onrete realization as in Example 5.3 a).
As we saw in Example 4.10 d) a veloity-momentum (; ) is regular if and only if 
a
6= 0 or 
r
6= 0.
From (4.6) we see that 
a
is parallel to 
r
, and that a reversing symmetry of a regular veloity-
momentum pair (; ) is ^ = (R

; a) where R

is a rotation by  around an axis orthogonal
to the axis of linear momentum 
a
and angular veloity 
r
, and a 2 R
3
, a?
a
, a?
r
, is hosen
appropriately. So we see that any regular veloity-momentum pair is ^-reversible for some reversing
symmetry ^. Indeed, it an easily be seen that this is true for any veloity-momentum pair. Note
that the non-split momentum  = (
r
; 0) studied in Example 5.3 a) is not reversible split.
A relative equilibrium  p is reversible if p is invariant under the reversing symmetry ^ of its veloity-
momentum pair (; ). Then the two-parameter family of relative equilibria  p() ontaining  p
whih we desribed in Example 5.3 a) is also ^-reversible.
We onlude that a rigid body in a uid whih does not feel gravity and moves on an SE(3) group
orbit, that is, rotates and/or drifts along some xed axis, is always reversible.
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b) Now we onsider the ase   = SE(2)  R, with a neutrally buoyant body in a uid with non-
oinident entres of mass and buoyany as a onrete realization as in Example 5.3 b).
A translating non-spinning relative equilibrium  p with regular momentum , ie (
a
1
; 
a
2
) 6= 0, as
onsidered in Example 5.3 b) has a reversible veloity-momentum pair (; ) for some reversing
symmetry ^ if and only if angular momentum and the third omponent of linear momentum and
drift veloity vanish, 
r
= 0, 
a
3
= 
a
3
= 0. In this ase the reversing symmetry of the veloity-
momentum pair is ^ = R

 where the element R

2 SO(2) is a rotation by , as an be seen
from (4.5). The relative equilibrium  p is reversible if it has suh a veloity-momentum pair and
if ^ is a reversing symmetry of the relative equilibrium: ^p = p. In this ase g
 

= R, so if the
relative equilibrium is in addition non-degenerate modulo isotropy then by Theorem 6.9 there is a
one-parameter family of ^-reversible relative equilibria loseby.
We see from (4.5) that the rotating and translating relative equilibria with singular momentum and
regular veloity , ie 
r
6= 0, are non-reversible.
In the onrete example of a rigid body in a uid whih feels gravity this means that a rigid body
whih uniformly drifts horizontally is a reversible relative equilibrium, but rigid bodies that fall,
rise or rotate are non-reversible relative equilibria.
7 Symmetry-breaking bifurations
Finally note that we an also treat bifuration from a relative equilibrium  p to relative equilibria with
smaller isotropy group
^
G
p
by restriting the dynamis to Fix
M
(
^
 
p
) and using Theorems 5.2, 6.9 above.
To make this preise, we extend Denition 3.1.
Denition 7.1 Let  p be a relative equilibrium of (2.1) with veloity-momentum pair (; ) and let
^
G
p
be a subgroup of G
p
. Let L := N(
^
 
p
)=
^
 
p
, identify 
L
'  2 l  g and let 
L
= j
l
.
a) We all the subgroup
^
G
p
with Lie algebra
^
g
p
a regular subgroup of G
p
if
f 2 g
p
; s(^g
p
)Ad
^g
p
 =  8 ^g
p
2
^
G
p
g 
^
g
p
:
b) We all the relative equilibrium non-degenerate modulo
^
G
p
if it is non-degenerate on Fix
M
(
^
G
p
), ie
if D
2
H

(p)j
Fix
N
1
(
^
G
p
)
is non-degenerate.
) We say that the relative equilibrium  p has regular veloity-momentum pair (; ) modulo
^
G
p
if
(i) either
^
L
p
' Z
2
and (
L
; 
L
) 2 (l l

)
 ;
is regular reversible for the ation of L, in whih ase
we dene r
(;)
(
^
G
p
; G) = r
 
(
L
;
L
)
(L),
(ii) or
^
L
p
= fidg and (
L
; 
L
) 2 (l  l

)

is regular for the ation of L in whih ase we dene
r
(;)
(
^
G
p
; G) = r
(
L
;
L
)
(L).
Here
^
L
p
=
^
G
p
=
^
 
p
 L.
d) The notions of a regular momentum  and a regular veloity  modulo
^
G
p
are dened analogously.
The regularity assumption on
^
G
p
implies that 
p
is nite. As a onsequene relative equiibria with
isotropy ontaining
^
G
p
are equilibria (and not only relative equilibria) of the slie equations (3.1) on
N
0
N
1
. Therefore the equation determining relative equilibria near  p in M = Fix
M
(
^
 
p
) has the form
(3.5) although in this ase the ation is not loally free near p in M . Therefore the proofs of Theorems
5.2, 6.9 also apply to M , and we get the following result:
Theorem 7.2 Let  p be a relative equilibrium of (2.1) and let
^
G
p
be a regular subgroup of G
p
. Assume
that the relative equilibrium is non-degenerate modulo
^
G
p
and has a veloity-momentum pair whih is
regular modulo
^
G
p
and let r = r
(;)
(
^
G
p
; G). Then:
a) there is an r-dimensional family of relative equilibria  p( ),  2 R
r
with isotropy ontaining
^
G
p
and veloity-momentum pair lose to (; ) near  p and no other relative equilibria with the same
isotropy nearby.
20
b) If  is regular modulo
^
G
p
then a) holds, r = r

(
^
G
p
; G), and p  M persists to every nearby
momentum in l

with isotropy
^
L
p
.
) If  is regular modulo
^
G
p
then a) holds, and r = r

(
^
G
p
; G).
Example 7.3 Consider Example 6.10 a), a rigid body in a uid, again, and now assume that we are given
a non-degenerate -reversible equilibrium p at  = 0. The zero-momentum  = 0 is regular -reversible,
but (; ) = (0; 0) is isolated in the spae of -reversible veloity-momentum pairs. To get persistene
to nearby momentum values the reversing symmetry  has to be broken. Assume that the body has
spherial symmetry. Then there is an additional ation of SO(3) on T

SE(3) = SE(3) se(3)

ating by
right multipliation on SE(3). We denote this additional SO(3)-symmetry by SO(3)
R
, and the original
SO(3)-symmetry whih ats on the left, by SO(3)
L
. The isotropy group G
p
of the spherial equilibrium
then ontains the diagonal embedding SO(3)
D
of SO(3) into SO(3)
L
 SO(3)
R
. In this situation we also
have an additional reetion symmetry  = ( I; I) 2 O(3)
D
ating by onjugation on SE(3) and by
its oadjoint ation on se(3)

so that the isotropy of the spherial equilibrium beomes G
p
= Z

2
O(3)
D
and the symmetry group of the system is G = Z

2
 SO(3)
R
 (Z

2
n SE(3)).
Let
^
G
p
 G
p
be the subgroup of G
p
dened by
^
G
p
= SO(2)
D
o Z
R

2
where SO(2)
D
is a opy
of SO(2) in SO(3)
D
and R

2 SO(3)
D
is a rotation by  around an axis orthogonal to the SO(2)
D
-
axis. Let so(2)
AD
be the SO(2)
D
-invariant omplement to the Lie algebra so(2)
D
in so(2)
L
 so(2)
R
(orresponding to an antidiagonal embedding of so(2) in so(2)
L
 so(2)
R
). Then the Lie algebra l of
L := N(
^
 
p
)=
^
 
p
, given by l = so(2)
AD
 R, is abelian and ^-reversible with ^ = R

: l = l
 
. Therefore
every  2 l
 ;
is regular reversible. Hene by Theorem 7.2, if  p is non-degenerate modulo
^
G
p
, there is a
two-parameter family  p(),  2 R
2
, of reversible axisymmetri relative equilibria lose to p with isotropy
onjugate to
^
G
p
. Using the fat that the drift veloity
^
 of any ^-relative equilibrium  ^p with momentum
^ = J(^p) satises
^
 2 g
^
,  
^p
  
^

, and is typially a generi ^-reversible element of the subset of g
dened by these onditions we see that the relative equilibria of this family typially rotate and drift. The
family ontains two one-parameter subfamilies with higher isotropy: a family of spinning, non-translating
reversible relative equilibria with isotropy onjugate to (SO(2)
D
oZ
R

2
)Z

2
, and a family of translating,
non-spinning reversible relative equilibria with isotropy onjugate to SO(2)
D
o (Z
R

2
Z
R

2
).
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